Introduction
We analyse the behaviour of a Nematic Liquid Crystal (NLC) with positive dielectric anisotropy, put in a planar cell subjected to crossed electric and magnetic field. In the hypothesis that the electric field E is normal to the bounding walls and the magnetic one, //, is parallel to them and perpen dicular to the initial molecular orientation (see Fig. 1 ), it is well known [1] [2] [3] that the arising elastic distortion presents a double threshold, i.e.:
1) If H > Hc, in the NLC film a twist deformation appears; 2) If F > Fth = /( //) , also a splay-bend deforma tion is superimposed to the preceding one.
Notice that Fth = Ec if H ^ Hc. The relation Fth = / ( / / ) has first been studied by Deuling [4, 5] in the strong anchoring hypothesis and for any elastic anisotropy; he found that in the general case it is only possible to give a numerical solution for the above mentioned problem.
In the present paper we will show a way to solve the analytical problem in a particular region, obtaining an explicit relation for the threshold electric field vs. the applied magnetic field, if the latter one is not far to its critical value Hc.
One constant approximation
We represent the nematic director in the form n (r) = (/ cos (p + j sin (p) cos 3 + x sin 5 , Reprint requests to G. Barbero and restrict ourselves to a problem homogeneous in the [x, jfplane, i.e. n(r) is assumed to depend only on the r-coordinate: 6 = 6{z) and (p = (p(z) are the co-azimut and the anomaly of the director, respec tively (see Fig. 1 a -b -c ) .
In the present case Frank's formula for the free energy density of the NLC cell is given by
where d is the sample thickness, the walls co ordinates being r = ± d /2; k is the elastic constant; the dot represents the derivation with respect to u = nz/d; h = H /H c is the reduced magnetic field; e = E/Ec is the reduced electric field. near to the electric field threshold. We point out that <Pmax = <?(0).
Moreover, if /; ^ 1, i.e. if the magnetic field is not far from its threshold, ip = <^max cos u is deduced.
Consequently the second equation of the system (2) becomes
which is a Sturm-Liouville equation [6] . In order to determine the threshold value of c2, we look for a solution of (3) of the kind
n = 0 0340-481 1 / 84 / 0600-0584 S 01.3 0/0. -Please order a reprint rather than making your own copy. which is surely possible, due to the Poincare's theorem [7] , This solving method is similar to the perturbative one [8] , The symmetry of the sample with respect to the middle plane gives .9 (u) = ,9 ( -u), which implies 3"{u) = 9n(-u ), and for the strong anchoring conditions .9(±7r/2) = 0, i.e. &"(±n/2) = 0. Furthermore we put 00 Z e2 n(ll<PMAX)2" ■ (5) n = 0 By substituting (4) and (5) for n = 0, 1 ,2 ,..., and .9_i = 0. Equations (6) solve the proposed problem.
In fact from (6), for /7 = 0, we deduce: <% + e^o = 0. Hence <^o= <90maxCOS(<?0W ) •
The boundary conditions give e0 = 1. that is the well known threshold, when only the electric field is applied. For n -1, (6) gives + = &q(cos 2u -e \).
By taking (7) into account it is possible to rewrite (8) as
The general solution of the ordinary linear differ ential equation (9) is of the kind = a cos u + ß sin u + J\(u) + fi{ u ),
where a and ß are two constants and/i (w) and fi{u) are two particular solutions of (9). We take as functions J\ (/= 1, 2) the solutions of the differential 
On the other hand, symmetry considerations give ß = 0; moreover, a simple analysis shows that a = 0 also [9] , Then it follows that the relation (10), by substituting (11) and (12), becomes
By taking the boundary conditions 3 \(+ n /2 ) = 0 into account, we deduce / 2 = 0, and then e}= 1/2. Consequently 
By using a Landau-development for the free energy, in the case h ^ 1, it is easy to show that (pu\x= 4 (/?-1), as well known [10] . Hence the relation between the electric field threshold and the applied magnetic field is given by
x = lr (/? -1) being the normalized reduced magnetic field. Equation (19) is a very simple analytical description of the function Eth = f (H ) near the magnetic critical value Hc. Such an equa tion is valid for 1 < h < 1.2, i.e. for 250 G < H ^ 300 G of [4] , where the considered NLC is p-nhexyloxybenzilidene-p-aminobenzilonitrile (HBAB) at 75 °C. But (19) is not applicable to the experi ment of Ref. [4] , since the one constant approxima tion is not realistic for HBAB, presenting K22 = 0.415 A',, and K33 = 2.49 A',, [4] . Nevertheless, it is possible to show that a relation of the kind (19) is valid also if the splay, twist and bend elastic constant are different from each other, i.e. if i + K22 = t= K33.
Elastic anisotropy
In the general case of elastic anisotropy the system (2) becomes, near the electric threshold, (p2 = (sin2 ^max sin~ cp),
where a and ß are Deuling's parameters [3] 
obtaining the second equation of the system (20) written formally as well as (3) . By applying the previous method, the threshold electric field is given, after some rearrangements, as
Since <^ax = 4 (h -1), we get finally
Such a relation generalizes (19) to the case of elastic anisotropy: obviously (19) may be deduced as a particular subset of (23), if a = 0 and ß = 1. By differentiating (23) with respect to /?, we find
This means that the slope of the curve £> th vs. h near the critical value of the magnetic field is neither zero nor infinite (1.453 for the HBAB, 1 for an Fig. 2 . Reduced electric field at the threshold vs. reduced magnetic field: analytical approximation for HBAB and isotropic NLC and numerical computation for HBAB.
elastically isotropic NLC), defining a second order transition. Furthermore, since if h P 1 (i.e. h > 1.6) e i = \ + ß h 2 (25) may be obtained [4] , (24) and (25) could be used in order to determine experimentally the elastic ratios K-s/Km and K^/K\\ from the slope of the func tion eth (/?) at the critical value and from the slope of the asymptotic curve e2 h (h2). In conclusion, an explicit relation giving the behaviour of the electric field threshold as a function of the crossed magnetic field near to the critical value has been derived. In Fig. 2 the explicit functions eth (/?) for the HBAB and for an isotropic NLC are shown and compared with the curve obtained by numerical computation. The analytical approximation gives an overestimate of 2% for h = 1.10, while at h = 1.20 the over estimate goes up to 10%.
